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some proportionality coefficient,
Choosing the coordinate axes &; coincident with the principal axes of the strain rate
tensor, we obtain from (1. 1) and the incompressibility condition

ey = 8§ + €y -+ 8y = Uy, =0 (12)

¢ .
2 System Of SN vy + [walva + [ulvy =0 (1.3)
[unve + [walvy = []ve+ [uslv, = [ualvs + [uslvs = (1.4)

Egs. (1,4) have nontrivial solutions in- [Ug] under the condition that V,VaVg == 0.
To be definite, let us assume v, = 0, then it follows from (1, 3), (1,4) that

vi =+41/s V_z-v Va =i1/‘lV§’ [us] =0 (1.5)

Therefore, the discontinuous surfaces in the velocity coincide with the maximum
shear surfaces (slip surfaces), The projection of the velocity vector on the principal
direction in the tangent plane to the discontinuous surface is continuous upon passage
through this surface,

Let us note that the slip surfaces for an arbitrary state of stress occur only under the
Tresca plasticity conditions, For the rest of the plasticity conditions they are possible
only for completely specific values of the stress deviator which will assure continuity
of the stress deviator on the slip surface, From the continuity of the deviator and (0, 4)
we obtain that the stresses themselves are also continuous,

Slip surfaces along which the state of stress corresponds to the face of the Tresca plas-
ticity condition are an exception, In this case the direction cosines of the principal
axes of the stress tensor are continuous, and the mean principal stress tangent to the sur-
face of discontinuity can undergo a discontinuity,

Let us turn to a determination of the relationship on the discontinuous surface 2.
The material experiances pure shear on the slip surface, hence, the strain rates are con-
nected by the relationships [5]

€17 == E1RVV; + E5rVaVy (16)

The validity of (1,6) is seen easily by putting the coordinate axes coincident with

the principal axes of the tensor €;;. We hence obtain
e, -8 =0, g=0, vi=;{:v,~=1/z]/‘2 (i=7Fk)

Let us introduce a curvilinear y,, Y, coordinate system on the slip surface, Then the

derivatives of the displacement velocities can be represented as
ui'j = uicﬂvj "}— gaauiva‘r]'ng (1‘7)

where g2 is the contravariant metric tensor of the surface, x; (ya) is its parametric
equation, U; , is the derivative of the vector u; with respect to the normal: n to the

slip surface,
Substituting (1, 7) into (0, 3) we obtain

28!] = ui'ﬂlv’ + uj'ﬂv‘ + gaa (u‘vaxjvk + ujvaxl vB) (1'8)
Utilizing (1.2) and (1, 8), we obtain from (1, 6) a system of three linear differential
equations [5] in u, Uy oTi,x + Ut eZio =0 (1.9)

Let us represent (1, 9) somewhat differently

(uixi,r).cl + (uixi.a).r - 2ui27i.rc =0 (1‘10)
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Let us note that the relationships

62{ T a 67"
z =5z
{, ©0 qu + Ti, a 1 10y 6310

= begViy, Wiyt = U (1.11)
hold,

Here Ozi', / 8y, is the covariant derivative of the vector z;,» with respect to ¥a; I'ry*
is the Christoffel symbol corresponding to the metric of the surface, b,g are coefficients
of the second fundamental quadratic form of the surface, Utilizing (1,11), we obtain

from (1.10) Us,g + Us,c — 2bgelty — 2T0: Uy = 0 (1.12)

where u,, is the velocity vector component along the normal to the surface,
After passage from partial to covariant differentiationin (1, 12), we obtain

6u,‘ Suy _ 1.13
-@:+3y—1"—2barun—0 (1.13)
In the contravariant comnonents of the velocitv vector (1,13) becomes
goa 63/ + gfa 6![ 2b01 U, = O (1.14)
Multiplying (1,14) by go* we obtain after summation
2Qu, = ou*/dy, (1.15)

where 2Q = b,pg®? is the mean curvature of the slip surface, Eliminating u, from

(1.14) by using (1, 15), we have
Sux
Q- s 8=t Q % by P i ﬁya =0 (1.16)

Only two of the three equauons in (1,16) are independent since we obtain an identity
after convolution with g°*, Therefore, the relationships (1, 16) define two homogeneous
equations with two unknown variables and two unknown functions, The asymptotic direc-
tions of the slip surface are characteristic for the system (1, 16), and it is hyperbolic,
elliptic, or parabolic if the Gaussian curvature of the surface is negative, positive, or zero,
respectively, If the characteristic lines are chosen as curvilinear coordinates on the sur-
face, then taking into account that b;; = b,y = 0 ( [7], p. 281), relationships (1, 16)
become gra8u®/8y. = U (not summed over T),

The relationships (1. 12) hold on both sides of the velocity surface of discontinuity,
Taking into account that the normal velocity component u, is contimuous, we obtain

from (1,12) [uel,o + [1ol,e — 2Tex[ug]l = 0 (1.17)
Let us select an orthogonal system of curvilinear coordinates ¥q, and let us direct the
Yy axis along the principal axis in the tangent plane to the discontinuous surface, Taking

into account that [©,] = (, we have from (1.17)
ng [ull == 0, [ull,z — I‘u [u,] = O, [ull,l —_ Ful [u1] =0 (1.18)

The Christoffel symbols in an orthogonal coordinate system are [71:

1 ogn 1 dgn 1 1 9=
Ly’ = 2 oL’ Th' = 2n Oys '’ T 2gn On (1.49)
Taking account of (1,19), we obtain from (1.18) .
813 = 9 (Y2), [u,] = @2 (1) 811 = 93 (¥2) Vgn (1.20)

It follows from (1.20) that the geometry of the velocity surfaces of discontinuity should
be such that the relationships

g1 = 01 (ys), & = {93 (v2)/Ps W)} (1.21)
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will hold for g;; and £33 under the above-mentioned choice of curvilinear coordinates,
Let us make a change of coordinates on the discontinuous surface by means of Formulas

= Fy (z), Ys = F, (25)

The lines y, = const hence go over into the lines z, = const. If F,and F, are
selected so that dF,/dz, = Qa, (dF3/dz;)* = 1/¢,, then the metric tensor in the new

coordinate system is - -
’ g =1, & = @ (Fs (2)) (1.22)
It follows from (1,22) that the velocity surfaces of discontinuity can only be surfaces
of rotation for any plasticity conditions except the edge of the Tresca plasticity condition,
where one of the principal directions of the tensor 0;; coincides with the directions of the
geodesic lines,
In the plane strain case the surface X is a cylinder along whose generatrix U = 0.
As the curves Vs, Y, respectively, let us take the generators of this surface and ortho-
gonal lines, let yqbe the distance along these lines measured from some point, The equa-
lities
8up = g%F=1, Top® =0, 2Q = %, = dO/dy; u, = u®, dua/dy. = dug/dy,
hold for such a choice of the curvilinear coordinate system,
Here %, is the curvature of the line y; = const. Then taking account of these equa-
lities, we obtain the Geiringer relationship from (1, 15)
u, —u,dg =0
and from (1.18) we obtain that [u,] = const on the slip surface,
If the state of stress corresponds to the edge of the Tresca flow surface, then
0, = 0y = 0y £ 2k (1.23)
Hence, the direction of the third principal stress has been determined, and the direc-
tions of g, and g, remain undetermined, We represent the strain rates as
€; = &lil; + eamym; + egn;n; (1.24)
where &, €y, €5 are the principal values of the tensor &;;; &, m;, n; are the direction
cosines of its principal axes which satisfy the conditions
Ll + mm; + niny = 8y (1.25)
As has been shown in [1 and 2], the system of equations for an ideal rigidly plastic body
under the conditions (1,23) is statically determinate, i, e, the values of 0,, 03, O3, n;
can be determined without involving (1,24), Hence, in examining the relationship (1,24)
we will assume the n; known, and the l;, m; undetermined, but satisfying the conditions

(1,25) ; where to satisfy the associated flow law it is necessary and sufficient to determine
the tensor &;; so that the relationships

e + & + &3 = 0, lesl > ledl, leal > lesal (126)
would hold,

Multiplying (1,24) by ny, we obtain
ey ny = e3h; (1.27)
Since &3 = &pjnpnNy, the relationships (1,27) are written as
gy Ny = ey jApN;N; (1.28)
Only two of the Eqs, (1,28) are independent since the system (1,28) convoluted with
n; becomes an identity, We obtain the third independent equation from (1,24) by equa~
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ting the subscripts { and j , and taking account of (1,26)., We hence have g; = Q.
Consequently, the kinematic relationships for the total plasticity condition can be
written by using (0, 3) as
u = 0, uy ny + uyn; = 2up,npn,n, (1.29)
Let the total plasticity condition (1,23) hold on both sides of the velocity surface of
discontinujty X', Because of the continuity of the stresses on this surface, the quantities
are continuous, and we obtain from (1.29)

u;, ]l = 0, [u; 4] ny+ luy,) ny =2 lu,,] npn,n, (1.30)

It follows from the geometric relationships (1. 7) that the jumps in the partial deriva-
tives of the velocity on the discontinuous surface X are

[u,,) = By + g [wilazyp B = [C] (1.31)
Substituting their values from (1,31) in place of [u, _,] in (1, 30) we have
Bv; + g% luyl oz, = 0 (1.32)
By + Bvy) n; + g°8 (luidazy,p -+ luyliazi,p) ny =
= 2Bympn,v,ny + 2g°° luy) gma ., gn.n; (1.33)

Eliminating the quantities B; from (1, 32), (1. 33), and taking into account that
nv; = Y, V 2 on the velocity surface of discontinuity, we obtain
V' 2g°B uil oz pnvi — g°8lw;), o1, p = 2g° [uy) qnnz,, g0, (1.34)
Since the projections of the velocity vector discontinuity on the principal direction
in the tangent plane to the discontinuous surface equals zero, the vector [u,] is in the
same plane as the vectors n; and v,, Hence, taking account of the continuity of the nor-
mal component of the velocity vector to the surface 3, we can represent [y,] as

[ui] = (Vz—ni — 'V() V (1.35)
where V (y;, y2) is a function characterizing the intensity of the velocity vector dis-
continuity,

Substituting its value from (1, 35) in place of [y,] in (1, 34), we obtain
2 V—zgaa V,enizi,p + g%° (]/2 Ri,a — Vi,a) %i,pV =0 (1.36)

Eq, (1, 36) defines the connection of the intensity in the velocity discontinuity to the
geometric characteristics of the surface 2,
since nv; = 1/,}/2, the following holds:

g*® (]/in;, a— Vi a) T1,p= Vﬁ'gaa {(n:i, 8), « — Cag’zi, ony} (1.37)
Let us select orthogonal curvilinear coordinates such that ¥; would coincide with the
direction of the vector [Y;l. Then

Taking account of (1,19), (1.38) and (1, 37), let us transform (1, 36) to
oV > Ogos

After integrating (1, 39), we obtain

(822)V/AV = (g22")" Vo (1.40)
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where V, and g,,° are the values of V and g2z at some point on the line Y2 = const.
Therefore, for a state of stress corresponding to the edge of the prism of the Tresca
plasticity condition, the surfaces of velocity discontinuity can be of arbirtary shape, on
which the integral (1, 40) holds along a streamline of the vector [u].
For any other plasticity condition, including even the Tresca faces, surfaces of velocity
discontinuity are possible but they must be surfaces superposable on surfaces of revolution,

2, Let us consider the strain rate surface of discontinuity, On both sides of the surface
G on which the displacement velocities are continuous but the strain rates undergo dis-
continuity, let the state of stress correspond to the smooth section of the plasticity condi-
tion, According to the results in [8], the strain rates are continuous on the surface of
stress discontinuity, An exception is a face of the Tresca prism,

In this case the strain rates may undergo a discontinuity on the stress discontinuous
surface ; however, the direction cosines of the principal axes of the stress tensor will be
continuous, Hence, it follows that the stresses are continuous on the strain rate discon-
tinous surface, with the possible exception of the Tresca face,

We consequently obtain from (0, 3)

[8(_1] = [Mfu (2.1)
The system of equations (2, 1) holds even for the face of the Tresca plasticity condi-

tion since in this case the quantity f,; depends only on the direction cosines of the
principal axes of the stress tensor, which are continuous, From (0, 3) and (2, 1) we have

legg] = s (lwgg] + [us)) = ISy (2.2)
Since the displacement velocities are continuous, then [u,. ﬂ = Byv; ,and (2,2)
becomes Bivy +Byv = 2[Mlfy (2.3)

Selecting the coordinate axes to coincide with the principal axes of the stress tensor,
we obtain from (2, 3) and the incompressibility condition (1,2)

Bvi + Byv, + Bgvy =0 (2.4)
B1v; + Byvy = ByVg - B3Vy = Byvy + Byv, =0 (2.5)

Comparing (2, 4), (2.5) with (1, 3), (1,4), we note that they will agree if the quantity
[u;] is substituted instead of B ¢ in (2. 4), (2.5), Hence, all the properties obtained for
the discontinuous surfaces of the displacement velocities will also hold for the disconti-
nuous surfaces of the strain rates, In particular, the strain rate discontinuous surfaces
coincide with the surfaces of maximum shear, one of the principal directions of the ten=
sor 6;; and the vector B; lie in the tangent plane to the surface G and are mutually
orthogonal,

Let us find differential relationships for the strain rate discontinuities along the surface

G. Let the state of stress satisfy the Tresca face, Then the relationships of the associ-
ated flow law (2.2) can be represented in the form
ey = A (mymy — nyny) (2.6)

Let us note that the quantities my, n; I; are continuous on the surface G and satisfy

the conditions
nng = mym; = l‘ll = 1, nm; = n,l, = l,m, =0 (2.7)

Let us introduce into the considerations
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___dm‘ _ dn‘ dl.‘
My=2-0 i an Li=gr

It then follows from (2, 7) that
M,m, =Nin( = Lgl; = 0, Mlll -}-L,mi =0
Ny +Ling =0, Nomy +~ Mn; =0

i.e, the vectors Ny, M;, L, are orthogonal to the vectors ny, My, I, respectively,
and are representable as

Ny,= —Nmy +Ll;, M{ =Nn; +Ml;, L, =—Mm; — Ln,; (2.8)
1t follows from (2,6) that
(e, k] Vi = B (mym;— nyn;) + [M] (my KM + (<M my— ng (Nj) —
— N> n;) + <A (my [M;) 4 (M1 mj— n; [N;]— [N;In;, B = [dMdn] (2.9)
Here the symbol <Z...>> denotes the mean value of the appropriate quantities ; the

identity [ab] = (a) [b) + [a](b) is used in the derivation, Using the second order
geometric compatibility conditions [3]

(Ui, jx] = Apvivg + 8°BBy, o (2, pVi -+ Tk, gV) — Bi8*Pg° bao;, px, «
(Ai = dzui /dnz)

and taking account of (2, 8), we obtain from (2, 9)
Ap; + A + 8%8 (B, o%j, p + Bj, a1, 8) = 2{B (mym; — n;n;) 4
+ P (myn; + nym;) + Q (myl; + mjly) — R (nil; -+ Lin;)} (2.10)
P =2([N1{AY 4 (VY KAD), @ = [MKM) + [M[ <Ay, R=[AM L) + [L] <A
Equating the subscripts { and i in (2, 10), we have
Avi+ 8°8Bi, a21,p =0 (2.11)
After multiplying (2,10) by vy and taking account of (2,11), we obtain (2.12)
A= g*By, o (Tk, Vi — 1, V1) + V2 {B(my—n)) + P (m; +n)) + (Q — R) I;}
It has here been taken into account that on the surface G
RV = mM;;v; = 1/2 VQ—, lg'V‘ =0
Let us note that the vector V; can be represented as
vi = 2V 2my +ny) (2.13)
Eliminating the A, from (2,10) by utilizing (2. 12), and taking account of (2,13),

we obtain

g%8Bx, « {2k, gViV; — (21, pV; -+ T;, aVi) Vi} + 8*P (i, aBj, p + Z;,4B1,8) =
= — 2P (mym; + nyn;) + (Q + R) (myl; + Lim; — linj — Ujny) (2.14)

Only three of the six Eqs, (2, 14) are independent, since they reduce to one equation
after the subscripts i and j have been equalized, or after having heen multiplied by

Vi, v[ .
To determine the independent equations, let us multipty (2,14) by Iy Z;+ whence
we have B xis + Bigri. = — 2P (mym; + nn;) x; %0 + (2.15)

+ (@ + R) (mily + mjl; — niby — nyly) xi x40
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Transforming the left side of (2. 15) by the scheme for the transformation of (1, 9), we
OV g o o« 2l Ba = — 2P (mym; 4 myn) 2, <30 +
+ (Q + R) (m,-l,- + lim,-—- nil,--— n,-li) Zi, «Zj, 0 (216)

Let us represent the vectors &« as
05i _ V2 /o (m— ny) Lo W Vo (2.17)
o 2 Su lmy il A 324
The curvilinear mesh ¥,, Fa has here been chosen orthogonal, hence the directions
of B;and ¥, coincide,
Substituting (2.17) into (2, 16), we obtain
oB B Y
'—ay: — I'y'By = — Pgyy, To' =0, 3_3/‘2 = 2I'By + (@ + R) (2811820) " (2.18)
From the second equation of (2,18) and (1,19) we obtain that

822 = £a2 (y3)

It hence follows that the intermediate principal axes of the tensor g, coincide with
the directions of the geodesic lines on the strain rate syrface of discontinuity.
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